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Abstract: In this paper, we introduce a new sequence space        as the domain of Nörlund matrix    
in the space of all sequences of bounded variation. Firstly, we give some topological properties and 
inclusion relations. Moreover, we determine the             duals of the space       . Finally, we 
characterize some new matrix classes over the space        into some classical sequence space and vice 
versa. 
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1. Introduction 
We denote the space of all real valued sequences by  . Each vector subspace of    is called as a 
sequence space as well. The spaces of all bounded, convergent and null sequences are denoted 
by   , c and c0, respectively. By               and   , we denote the spaces of all absolutely 
convergent, p-absolutely convergent, convergent, convergent to zero and bounded series, 
respectively; where      . 
A linear topological space   is called a  -space if each of the map         defined by       
   is continuous for all    , where   denotes the complex field and     {         }. A  -space 
λ is called an   -space if λ is a complete linear metric space. If an   -space has a normable 
topology then it is called a BK-space. If λ is an FK-space,      and (  ) is a basis for λ then  λ is 
said to have AK property, where (  ) is the sequence whose only non-zero term is a 1 in     place 
for each     and       {  }. If Φ is dense in λ,  then λ is called AD-space, thus AK implies 
AD. 
Let   and   be two sequence spaces, and         be an infinite matrix of real or complex 
numbers, where      . For every sequence          the sequence                 
is called A-transform of  , where 
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(1.0)                                                             ∑    
 
        
Then,   defines a matrix mapping from        and we show it by writing         
By         , we denote the class of all matrices A such that         if and only if the series 
on the right side of (1.0) converges for each     and every      , and we have    
        belongs to   for all    . A sequence   is said to be   summable to 𝑙 and is called as the 
  limit of  . 
Let   be a sequence space and A be an infinite matrix. The matrix domain    of   in   is defined by 
   {              } 
which is a sequence space. 
Let      be a nonnegative real sequence with      and    ∑   
 
    for all    . Then, the 
Nörlund mean with respect to the sequence        is defined by the matrix  
      
   as follows 
(1.1)                                                
  {
    
  
         
                           
 




        . Furthermore, if we take              , then the Nörlund matrix     is reduced to 
Cesàro mean    of order one and if we choose       
    for every      , then the    Nörlund 
mean becomes Cesàro mean     of  order r, where       and  
  
  {
                
  
                     
                                                    
 
Let          and define    for   {       } by 




             
            
             
        
      
     
     
        
            
          
     
   
      




with               
             
             which is generalized by  
   ∑     
              
     
   
   
 
then the inverse matrix        
   of Nörlund matrix    was defined by Mears, F. M. (1943) for all 
      as follows  
(1.3)                                          
  {
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The sequence space of all sequences of bounded variation defined as in the following set 
   {          ∑|       |   
 
   
} 
which is    space under the norm ‖ ‖   |  |  ∑ |       |
 
    for      . It is well-known 
that the inclusion 𝑙       hold. 
The          -duals of the sequence space  , repectively as 
           {                          𝑙𝑙    } 
           {                           𝑙𝑙    } 
           {                           𝑙𝑙    } 
The           -duals of the space    is defined by  
    𝑙        
                 
 
2. The Sequence Space        
We introduce the sequence space        as the set of all sequences of     transform of all 
sequences of bounded variation as; 
        {          ∑ |
 
  
∑    
 
   
   
 
    
∑      
   
   
  |   
 
   
} 
    transform of        defined by 
   ∑ (
 
  
       
 
    
        )
   




   
   ∑ (
 
  
     
 
    
      )  
   




   
(                                                 ∑     
                 
   
         
for all            
  . The relation between        and        is shown by (2.1). For the 
sake of brevity in notation, we may also write here and after that  
                                                        ∑ ( (
    
  
))   
   




   
Theorem 2.1.  The sequence space        is BK-space with the norm given by 
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‖ ‖       ‖ 
  ‖   |  |  ∑ |
 
  
∑    
 
   
   
 
    
∑       
   
   
  |
 
   
 
Proof. Since the space    is a BK-space with the norm ‖ ‖   |  |  ∑ |       |
 
    for       
and the Nörlun matrix is triangular matrix, we can easily say that the sequence space          is a 
BK-space with the norm ‖ ‖       ‖ 
  ‖  . 
Corollary 2.2. The sequence space         is linearly norm isomorphic to the space   . 
It is well-known from Theorem 2.3 of Jarrah and Malkowsky (1998)  that the infinite matrix domain 
   of an infinite matrix           in a normed sequence space    has a basis if and only if   has a 
basis, if A is a triangular matrix. As a direct consequence of this fact, we have: 
Corollary 2.3. Let define the sequence      {  
   
}
   
 of alements of the sequence space         
for every fixed     by 
  
   
 {
                                
                                           
                                            
 
Therefore, the sequence {    }
   
 is a basis for the space           and for any           has a 
unique representation of the form 
  ∑  
 
     
where        is  
   transform of        defined by the equality (2.1). 
Lemma 2.4. [3] The matrix           if and only if 
   
 
∑ |∑(          )
 
   
|
 
   
   
 
Theorem 2.5. The inclusion             strictly hold. 
Proof. Since the Nörlund matrix is a triangular and it satisfy the condition of the Lemma 2.4. Then 
we may say that           for all           which shows that the inclusion    
        hold. Now, in order to show that the inclusion is strict, we should define a sequence which 
is in the sequence space of    bounded variation but not in the sequence space of bounded 
variation. Let define a sequence        as   
   ∑    
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for all    . Then it is abvious that the sequence        is not in the space     . But the partial 




∑    
 
   
   
 
    
∑      
   
   
  |  
 
   
  
which says that         .  This completes the proof. 
Theorem 2.6. The inclusion                strictly hold. 
Proof. Since the inclusion       satisfy, the proof can be shown easily. So we omit the details. 
3.           Dual of the Space        
In this section I construct the          dual of the space        . I start with some needed and 
important lemmas whose some parts related with the characterization of matrix transformations on 
the space       . 
Lemma 3.1. [3] The infinite matrix           if and only if  
                                                      
   
∑|∑   
 
   
|
 
   
Lemma 3.2. [3] The infinite matrix           if and only if 
                                                    
     
|∑∑   
 
   
 
   
|    
Lemma 3.3. (Stieglitz, M., & Tietz, H. (1977)) The infinite matrix           if and only if  the 
condition (3.2) holds and 
                                                   ∑       convergent for each    . 
                                                   ∑ ∑        convergent. 
Theorem 3.4. The    dual of the space         is the set 
   {             
   
∑|∑                            
   
   
|
 
  } 
Proof.  Let define the matrix          via          by 
    {
                                  
                                             
                                                 
 
for all      . Since the equality (2.2) holds then 
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(3.5)                                    ∑ (    
                            )
   
          
for all    . So by the relation (3.5) we may say that              whenever        
       if and only if        whenever          . This consequence gives us that   
{         } if and only if          . By the condition (3.1) of the Lemma 3.1 we can say that  
   
   
∑|∑                            
   
   
|
 
   
which leads us to the set    as the alpha-dual of the space     
  . This completes the proof. 
Theorem 3.5. Let define the sets    and    as 
   {              
 
                        } 
                                   {               ∑      } 
where the matrix          is defined as in Theorem 3.4. Then     dual of the space     
   is 
the set      . 
Proof. This is similar to the proof of Theorem 3.4. with the conditions (4.1) and (4.3)  of the Lemma 
4.1.(iii) instead of the Lemma 3.1. So we omit the Details. 
Theorem 3.6.    dual of the space        is the set   . 
Proof. This is similar to the proof of Theorem 3.4. with the condition (4.1) of the Lemma 4.1.(i) 
instead of the Lemma 3.1. So we omit the Details. 
4. Matrix Transformations Related to the Spaces        
In this present section, firstly I give some needed and related lemmas for the proof of theorems. Then 
I characterize some new matrix classes related with the sequence space         and give some 
related results. 
Lemma 4.1. Let           be an infinite matrix. Then the following statements hold: 
i)           if and only if   
                              
    
|   |    
ii)           if and only if   
                                
   
∑|   |
 
   
iii)          if and only if  (4.1) holds, and there exists      such that 
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iv)           if and only if  
                                 
 




   
where   is a finite subset of  . 
Theorem 4.1. Suppose that the matrices           and          connected with the relation 
                                        ∑    
         
 
   
    
for  all        and   {       }. Then        
      if and only if  {   }    {    
  }  
for  all       and          . 
Proof.  Suppose that              and             
  . By the following equality having 
from the    -partial sum of the series ∑        we have that 
∑     
 
   
 ∑ ∑             
 
   
     
 
   
 ∑     
 
   
 
for all      . When    exists and belongs to the space   for all         , then    exists and 
belongs to the space   for all       after taking limit as    . So as a consequence we have that 
        .  
Conversely, suppose that {   }    {    
  }  for each      and let us take a sequence      
          
  . Then    exists and we may obtain from the following equality  
∑     
 
   
 ∑ ∑             
 
   
     
 
   
 ∑     
 
   
 
as      that       and since       for all     , then      for all         . This last 
result says us that             . This completes the proof. 
Theorem 4.2. Suppose that the matrices           and          connected with the relation 
                                                ∑
    
  
 
   
    
for  all       . Then              if and only if  
                                              
 
∑|∑ ∑
    
  
 
   
   
 
   
|
 
   
where   is a finite subset of  . 
Proof. Suppose that the matrix              and          . Consider the following equality 
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∑      
 
   
∑      
 
   
 
for all      . After taking limit as as     we have that {      }         for all    . 
Since          ,               says         . Therefore, the condition of Lemma 
4.1(iv) satisfies. That is  
   
 
∑|∑ ∑
    
  
 
   
   
 
   
|
 
   
where   is a finite subset of  .  
Conversely, suppose that the condition       hold and the matrices           and          
connected with the relation      . Let us take a sequence        from the sequence space  . Since 
    there is a positive real number  such that          |  |   . Thus, one can derived from the 
following inequality that 
∑|{      }  { 
     }   |  ∑ |∑ ∑
    
  
 
   
     
 
   
|
 
   
   
 
   
  
                                                                     ∑ |∑ ∑
    
  
 
   
   
 
   
|
 
   
       
we may say that           for all    . So the infinite matrix             . This completes 
the proof. 
Corollary 4.3. Let         be an infinite matrix and connected with         by the relation 
(4.5). Then the following statements hold. 
i) The infinite matrix               if and only if the condition (3.2) hold with     instead 
of    . 
ii) The infinite matrix               if and only if the conditions (3.2), (3.3) and (3.4) hold 
with     instead of    . 
iii) The infinite matrix              if and only if  (4.1) and (4.3) hold with     instead of 
   . 
iv) The infinite matrix               if and only if  (4.2) holds with     instead of    . 
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9. Conclusion 
In 1978, the domain of Nörlund matrix    in the classical sequence spaces     and    were 
introduced by Wang  (1978). where      . In 1978, the domain of Cesaro matrix    of order 
one in the classical sequence spaces     and    were introduced by Ng and Lee (1978) where 
     . Following Ng and Lee (1978) Sengönül and Başar (2005) have studied the domain of 
Cesaro matrix    of order one in the classical sequence spaces    and  . In order to fill up the gap in 
the existing literature Tuğ and Basar  (2016)  studied the matrix domain of Nörlund mean in the 
classical sequence spaces    and  .  Recently Yeşilkayagil and Başar (2014), and Yeşilkayagil and 
Başar (2017)  have studied the paranormed Nörlund sequence space of non-absolute type, and 
domain of Nörlund matrix in some Maddox’s spaces. Moreover, Tuğ and Başar (2016) studied the 
matrix domain of Nörlund mean in the sequence spaces   and    to fill the gap in the literature after 
the studies by Duran (1972) and Yeşilkayagil and Başar (2015). 
Kirisci (2014) studied the sequence space    and its some applications with some special matrices. 
In this study, I tried to fill up the gap in the existing literature of the sequence space    and its 
Nörlund matrix domain by calculating some topological properties, the          duals and 
charactarizing some matrix transformations in/on the sequence space       . Following matrix 
classes (        ) and             are still open problems in order to characterize and calculate 
the matrix transforms 
References 
Al-Jarrah, A. M., & Malkowsky, E. (1998). BK spaces, bases and linear operators. Rend. Circ. Mat. 
Palermo (2) Suppl, 52, 177-191.  
Duran, J. P. (1972). Infinite matrices and almost-convergence. Mathematische Zeitschrift, 128(1), 
75-83. 
King, J. P. (1966). Almost summable sequences. Proceedings of the American Mathematical 
Society, 17(6), 1219-1225. 
Kirişci, M. (2014). The sequence space bv and some applications. arXiv preprint arXiv:1403.1720. 
Mears, F. M. (1943). The inverse Nörlund mean. Annals of Mathematics, 401-410. 
Ng, P. N. (1978). Matrix Transformations on Cesaro Sequence Spaces of a Nonabsolute Type. Lee 
Kong Chian Institute of Mathematics & Computer Science, Nanyang University. 
Şengönül, M., & Başar, F. (2005). Some new cesaro sequence spaces of non-absolute type which 
Eurasian Journal of Science & Engineering                                                                            
ISSN 2414-5629 (Print), ISSN 2414-5602 (Online) 
 EAJSE
 
Volume 3, Issue 2; December, 2017 
 
120 
include. Soochow Journal of Mathematics, 31(1), 107-119. 
Sıddıqi, J. A. (1971). Infinite matrices summing every almost periodic sequences. Pac. J. 
Math, 39(1), 235-251. 
Sönmez, A. (2013). Almost convergence and triple band matrix. Mathematical and Computer 
Modelling, 57(9), 2393-2402. 
Stieglitz, M., & Tietz, H. (1977). Matrix transformationen von folgenräumen eine 
ergebnisübersicht. Mathematische Zeitschrift, 154(1), 1-16. 
Tuǧ, O., & Başar, F. (2016). On the Spaces of Nörlund Almost Null and Nörlund Almost 
Convergent Sequences. Filomat, 30(3), 773-783. 
Tug, O., & Basar F. (2016). On the domain of Norlund mean in the spaces of null and convergent 
sequences. TWMS J. Pure Appl. Math, 7.1 76-87. 
Wang, C. S. (1978). On Nörlund sequence spaces. Tamkang J. Math, 9(1), 269-274. 
Yeşilkayagil, M., & Başar, F. (2015). Spaces of Aλ-almost null and Aλ-almost convergent 
sequences. Journal of the Egyptian Mathematical Society, 23(1), 119-126. 
Yeşilkayagil, M., & Başar, F. ( 2014). On the Paranormed Nörlund Sequence Space of Nonabsolute 
Type, Abst. Appl. Anal., vol. 2014, Article ID 858704, 9 pages, doi:10.1155/2014/858704 
Yeşilkayagil, M., & Başar, F. (2017). Domain of the Nörlund Matrix in Some of Maddox’s 
Spaces. Proc. Nat. Sci. India Sect. A 87(3), 363-371. 
 
 
 
 
